I'he following is .1 ••. .nt rihuted topic mi funct< .rial algebraic geometry and physics: 
"Functoiial Algebraic Geometry: An Introduction" -by Alexander Grotheudieck 

0.0.1 Vol.1: Affine Algebraic Geometry 

(Following the Notes typewritten in English and edited by P. Gaeta. without implying the 
approval by A. Grotheudieck of these notes.) 

A century ago algebraic Geometry could be contained in Klein's book (1880; Dover pubis. 
1963) : "On Riemann's theory of Algebraic Functions and Their Integrals". Furthermore. 
"flit distinction bctuxtn pun and applied ri/atht iiuitics was then to a largt erti r/t aiiificial 
and unimportant" 1 (viz. P. Gaeta). For example in Klein s book cited above "the study of 
Riemann surfaces was introduced by considering the practical physical problem of laminar 
How in a plane or arbitrary surface. He even quotes Maxwell's treatise . >n page mi.-. Flu- 
natural continuation of such a 'transcedental approach' in our times is the study of compter 
aigtbraic manifolds...'' In contrast with Algebraic Geometry, the popular beliefs regarding 
Differential Geometry are totally different: the latter never lost its Hav< >r of applicability; 
such practical examples of different i able manifolds are natural examples of locally ringed 
spac(s. "rims, if a reader is familiar with ■ 1 1 f f < 1 * • 1 1 1 i. 1 1 d« • mauil. .Ms. < h'.-th.-ndif-kV scln m, s 
cannot look so terribly abstract...; we do not assume knowledge of differentiable manifolds 
as a logical pre-reqnisite for this course, but a student interested in applications should be 
interested in differentiable manifolds. The purpose of this informal Introduction is to develop 
an analogv between these new mathematical objects introduced by Grotheudieck (that is. in 
Algebraic Geometry) and certain objects within the structure of Mathematical Physics..." 
Consider the •configuration space' l„ or the "phase space' H" 2fl of a holonomic dynamical 
system with n-degn-cs of freedom': for any problems concerning I „ one should only consider 
local functions / : U — ► It defined within an open set l. ! C \ „. As an example, a Lagrangian 
coordinate function </, (with /' = 1, 2, ...,n) is only defined locally for a certain coordinate 
chart. The Lagrange equations of motion : 



are valid only in a certain local coordinate system (q\ q n ). In order to examine the 

behavior of the dynamic system globally one must piece together local functions corre- 
sponding t.. different sets I' . and this is achieved by verifying Hist that the set of func- 
tions [f : U — > WL\U C V n ] form a commutative ring with unit r(f/) under point wise ad- 
dition and multiplication for such U. If V C tV, then there is a natural restriction map 
Ty : T(U) — > r(\ ) which assigns to every 0 : V — > R its restriction map with respect to l\ 
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that is. r{- = tf>\V : \ ' — > R. This also moans in other words that the local C*- differcutiablc 
functions on (' form . or define, a • pre sheaf (viz. Ch.IIl). 

Next one must consider the "genu'' of / : U — > R at any point x € U. Thus. let f : U — ► R 
and g : V — > R be two such local functions; one then notes that / and g are equivalent 
functions, / = g. if they agree on W C U fl V\x ne)f in C I r D \ '. The germ of / at the point 
.r 6 \V denoted by .7 is the equivalence class of functions determined by this = relation . One 
notes that this definition appears in elementary 'complex analysis' in one variable. One can 
readily check that the germs x for all x € W form a local ring (in the modern sense of the 
concept ). Henceforth., with the addition of several top< domical properties, one can define a 
'sheaf of germs of loenl ( ,rc -fliff< ■rentiable functions of A/' denoted by O jW . B A - in the c ase 
when X is a topological space can be then defined as the disjoint sum U re jvf©.M,j °f rn(> 
local rings O w for every point of X. Therefore, the difrerentiable manifold V„ or M 2 „ of 
■ , il iu< ■■ li:n ii' S (or indeed, any differential manifold) is an example of a locally ringed 
space (A'.Hj.). that is a topological space X with a structure sheaf (-)*. Grothendieck's 
schemes arc also locally ringed spaces (A'.Oa )- 

I 'In i--. she a v< \vi Te introduced i.. pfi ivi< le a transition from local to <jh <hai \ n> >]» Tl ies. lb' \ < - 
fore, "the global study of curves which solve the c lassic al equations of motion which is a 
difficult problem has been simplified by the introduction of sheaves" 

Following Dieudonne 's and Grothendieck's famous "Elements de Geometric Algcbriquc" . 
and Dieudonne 's "Algebraic- Geometry" and "Fondemcnts de la Geometric Algcbriquc." 
Adv. in Math. (1969). Alexander Grothendicck presented in 1973 a Buffalo Summer Course 
entitled: "Survey on the functorial approach to affine algebraic- "roups". This was pre- 
ceded by a lecture introducing the functorial 'language' approach ( Introduction an Langage 
Fonctoricl) 

Grothendicck also organized and presented most of the four famous SGA seminars (SGA- 
1 to SGA-4), "Seminaircs de Geometric Algfibrique" (Seminars of Algebraic- Geometry.) . 
Other relevant references were: Kahler's "Geometria arithmetica" (1958). S. Mac-Lane's "Ho- 
mology" (1963). Mauin's "Lectures on Algebraic Geometry". Mumford's "Introduction to 
Algebraic Geometry", and J. P. Scire 's "Faisccaux algcbriquc c-ohercnts." (Coherent Alge- 
braic Sheaves). In 1968 was also published by North-Holland the book "Dix exposes sur la 
cohomologie des schemes" (Ton expositions on the cohomology of schemes) by J. Giraud and 
Alexander Grothendicck. 

http://planetphvsics.us/encvclopedia/FunctorialAlgebraicGeornetry.html 



